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EXAMPLES OF CODING SCHEMES 
BASED ON STRATEGIC VALUE 

By W .  W .  Happ 
E l e c t r o n i c s  Research Cen te r  

SUMMARY 

Procedures  are developed t o  c o n s t r u c t  v a r i a b l e - l e n g t h  
codes f o r  a l p h a b e t s  c o n t a i n i n g  messages w i t h  a s s igned  weighted-
in fo rma t ion  c o n t e n t .  The r e s u l t i n g  coding procedures  are s i m i l a r  
i n  form t o  t h e  Shannon-Fano-Huffman redundancy r educ t ion  schemes, 
b u t  d i f f e r  i n  scope; t h e  former maximize t h e  s t r a t e g i c  va lue ,  
wh i l e  t h e  l a t t e r  maximize t h e  number of  l e t te rs  for  a s p e c i f i e d  
f i n i t e  channel c a p a c i t y .  C r i t e r i a  s p e c i f y i n g  t h e  s t r a t e g i c  va lue  
of a code are de f ined ,  and codes are examined on t h e  basis of  
a l p h a b e t s  c o n t a i n i n g  messages wi th  weighted-information con ten t .  
Figures-of-meri t  are e s t a b l i s h e d  and u t i l i z e d  t o  compare d i f f e r e n t  
t y p e s  and p o s s i b l e  t r a d e - o f f s  f o r  s imple codes. Algorithms 
governing t h e s e  codes are e s t a b l i s h e d  and examined on t h e  b a s i s  
of r e p r e s e n t a t i v e  examples. 

I N T R O D U C T I O N  

The f igure-of -mer i t  of a coding scheme measures i t s  e f f e c 
t i v e n e s s  t o  m e e t  s p e c i f i c  c r i t e r i a  i n  t r a n s m i t t i n g  informat ion .  
Table  I l i s t s  f igu res -o f -mer i t  and o b j e c t i v e s  of t y p i c a l  b i n a r y  
a l p h a b e t s .  An e x t e n s i v e  r e v i e w  and e v a l u a t i o n  of  t h e  p e r t i n e n t  
l i t e r a t u r e  are given i n  t h e  b ib l iog raphy .  

A s t r a t e g y  can be  de f ined  a s  a management p l a n  t o  execu te  
e f f e c t i v e l y  probable  o p e r a t i o n s .  This  p l a n  c o n s i s t s  of  a s e t  of 
g u i d e l i n e s  for  fo rmula t ing  s p e c i f i c  o b j e c t i v e s  which must be m e t  
o r  approached by a p a r t i c u l a r  o p e r a t i o n .  The o p e r a t i o n  t o  be 
examined i s  t h e  coding procedure .  A s t r a t e g y  c a n  be s p e c i f i e d  
by a s i n g l e  f igu re -o f -mer i t ,  such as accuracy,  e r r o r  r a t e ,  and 
compaction r a t i o .  I n  g e n e r a l ,  s t r a t e g y  i s  based on: 

(1) 	Two o r  more f igu res -o f -mer i t  d e s c r i b i n g  t h e  
e f f e c t i v e n e s s  of  t h e  o p e r a t i o n ;  

( 2 )  	 Calcu la t ed  o r  e s t i m a t e d  t r a d e - o f f s  between 
f igu res -o f -mer i t  i n  t e r m s  o f  t h e  parameters  
of t h e  system; f o r  example, an  a lgo r i thm
r e l a t i n g  t h e  average  l e n g t h  o f  a l e t t e r  t o  
s t a t i s t i c a l  p r o p e r t i e s  of  t h e  assumed 
d i s t r i b u t i o n ;  



( 3 )  	 Guidelines to control parameters, with an aim to 
optimize partially conflicting trade-offs by assign
ing weights to each set of trade-off parameters. 

TABLE I 


REPRESENTATIVE: CODING SCHEMES 

- - - ~- -__ 
Coding Scheme Figure-of-Merit Objectives 

~- -_ _  __ _ _  

Uniform k-digit length Binary 2k letter 
alphabet 

Accuracy of 1 in 
2k 

Variable length
(Huffman) 

Average digits 
per letter 

Bandwidth 

Orthogonal (Hamming)
code 

Index of comma 
freedom 

Error eliminatioi 

--__-.- . --

Coding schemes, such as the Shannon-Fano-Huffman code, strive 

towards economy; other codes minimize error rate. 


From an "operations research'' point-of-view, it is not 

purposeful to ask "Is Huffnan coding better than binary coding?",

but the question is rather "What strategy is required?". Once 

the strategy is specified, objectives and figures-of-merit can 

be specified. Only then is it possible to determine if existing

coding schemes, such as Huffman coding, serve a specified 

purpose. 


To illustrate a strategy with competing figures-of-merit, 

two examples are used. First, a set of coded messages from an 

observer to a command post is assumed and analyzed. Secondly,

run-length distributions of clustered events are examined. 

Following these elementary examples, algorithms governing

strategic coding are established. The application of game theory,

dynamic programming, and other "or1'optimization techniques to 

coding strategy is to be explored at a later date. 


EXAMPLE 1: TWO-PARAMETER STRATEGY 


Table I1 lists the input data for optimization of message
transmission from an observer to a command post. The probability
of occurrence of a message P(R) is given a s  a percentage of 100% 
of transmitted data. On the other hand, not all letters carry
the same information content. Respective weights P(A) can be 
assigned to each letter, such that P(A) measures the information 
content or strategic value associated with each letter. 
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The term " in fo rma t ion  c o n t e n t "  i s  in t ended  t o  d e f i n e  t h e  
r e l a t i v e  importance p l aced  on t r a n s m i t t i n g  t h i s  l e t t e r  as com
pared  t o  o t h e r s .  The term " s t r a t e g i c  va lue"  d e s c r i b e s  t h e  same 
concept  and i s  t h e r e f o r e  used in t e rchangeab ly  by " in fo rma t ion  
c o n t e n t " ;  bo th  terms are denoted by P ( A )  . S i m i l a r l y  t h e  term 
' ' le t ter"  i s  used in t e rchangeab ly  w i t h  " s t r a t e g i c  even t " .  

Two codes are developed i n  Table  I1 on t h e  b a s i s  of d i f f e r 
e n t  c r i t e r i a  of e f f e c t i v e n e s s .  The Redundancy Code employs t h e  
Shannon-Fano-Huffman t echn ique  t o  maximize t h e  average informat ion  
t r a n s f e r .  Assuming inadequa te  channel c a p a c i t y ,  t h e  Minimum R e 
dundancy Code g e n e r a t e s  unmanageably l a r g e  backlogs a t  t h e  very
t i m e  when d a t a  of  h igh  s t r a t e g i c  va lue  p l a c e  a premium on a v a i l 
a b l e  channel  c a p a c i t y .  

TABLE I1 

TWO-PARAMETER STRATEGY: I N P U T  

~- -. - ~ _  

L e t t e r  I n t e r p r e t a t i o n  P ( R )
% 

P ( A )
% 

Minimum 
Redundancy 

Maximum 
A c c e s s  

-

A A l e r t  A 1 25 111111 11 
B A l e r t  B 2 1 5  111110 1 0  

C 
D 

T a r g e t  C 
T a r g e t  D 

3 
3 

11 
11 

11110 
11101 

0111 
0 1 1 0  

E Ta rge t  E 3 11 1 1 1 0 0  0 1 0 1  

F 
G 
H 

Damage F 
Damage G 
Damage H 

5 
5 
5 

3 
3 
3 

1101 
1 1 0 0  
1 0 1 1  

01001 
01000 
0 0 1 1 1  

K 
L 
M 

Damage K 
Damage L 
Damage M 

5 
5 
5 

3 
3 
3 

1 0 1 0  
1001 
1000 

00110 
00101 
00100 

N 
P 

Damage N 
Damage P 

5 
5 

3 
3 

0 1 1 1  
0110 

00011 
00010 

Q
R 

Weather Q 
Weather R 

1 6  
1 6  

1 
1 

010 
001 

000011 
0 0 0 0 1 0  

S Weather S 16 1 000  0 0 0 0 0 1  
- _ - ~ 

-. - ... . - .-

DATA AND CODES 

-

S e v e r a l  a l t e r n a t i v e s  e x i s t :  

(1) T r a n s f e r  d a t a  from "peak l o a d  p e r i o d s  t o  q u i e t e r  t i m e s .  
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( 2 )  	 Assign a priority to processing of data by allocating 
a weight P(A), referred to as strategic value, to 
each letter of the alphabet. 

(3) 	 Develop a code which permits access of a larger number 

of letters when information of high information con

tent is transmitted, and which permits lower access 

rates when letters of low information content are 

transmitted. 


Alternatives (1) and ( 2 )  above require additional knowledge 
of the performance characteristics of the memory devices. Alter
native (3) proposes a solution in terms of coding schemes which 
can be specified in terms of suitable figures-of-merit. 


COMPARISON OF ALTERNATIVE STFATEGIES 


It will be assumed that the code to be developed is to be 

effective under the following conditions: 


(1) 


( 4 )  

The system is fed data at a rate that exceeds 

maximum channel capacity, and data compression 

or elimination is required. This is a reasonable 

assumption, since with sufficient channel capacity 

no codes are needed. 


One letter only (not two or zero) can be transmitted 

at one time. The system is in one of several 

possible states. 


The system remains in one state for a period com

mensurate with the average length of two letters, in 

accordance with the minimum requirements of the 

Nyquist sampling theorem. 


More letters with high information content can be 

processed than letters with low information content. 

Access to information transmission is facilitated 

for high information content. 


Codes, so defined, provide maximum access to available 

information and may be referred to as Access Generating Codes, 

as opposed to the Redundancy Eliminating Codes developed by 

Shannon, Fano, and Huffman. Under the above assumptions, for 

instance, "Alert" messages would be provided three times the 

bandwidth allocated "Weather" data. On the other hand, in 

Redundancy Eliminating Codes, strategic data are discriminated 

against because they occur only rarely. 


Input data in Table I1 are condensed in Table 111, with 

L(R) and L(A) being the number of digits for each group of letters. 
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- - 

I n  Table I V ,  f i gu res -o f -mer i t  are then  composed f o r  redundancy 
coding and access coding. A t r ade -o f f  must be e f f e c t e d  between 
maximizing t r ansmiss ion  rates of l e t te rs  and of in fo rma t ion  
t r a n s f e r .  

TABLE I11 

COMPARISON O F  ALTERNATIVE STRATEGIES 

-. ... ._r
rileit-


A l e r t  

T a r g e t s  

Damage 

1 Weather 
. .-_I__._ 

- .- . -. - . 

N P (A) 
.- 

1 .01 . 25  

1 . 02  .15 

3 . 03  .11 

8 . 0 5  . 0 3  

3 .16 .01 

TABLE I V  

TWO-P ARAMETE R STRATEGY 

~I--- I I 

Minimum 
Redundancy 

Maximum Uniform 

Code 
A c c e s s  BinaryC o d e  

I . 

Average number of  
I 1

I 


let ters p e r  1 0 0  b i t s  2 7  


Informat ion  c o n t e n t  

p e r  1 0 0  b i t s  I 2 o  :: 1 :: 


EXAMPLE 2 :  RUN-LENGTHS W I T H  CLUSTERS 

I n  many a p p l i c a t i o n s  r e q u i r i n g  r eadou t  of  coding d a t a ,  t h e  
octal  n o t a t i o n  h a s  d i s t i n c t  advantages over  the  decimal  n o t a t i o n .  
Transformat ion  r u l e s  between t h e  v a r i o u s  n o t a t i o n s  commonly used 
are summarized below: 

(1) 	Bina ry - to -oc ta l  r u l e s  are l i s t e d  i n  Tab les  V and V I .  
For example, 5 = 101*B ( 5  i s  e q u i v a l e n t  t o  101 i n  
b i n a r y  n o t a t i o n ) ,  and 7325 becomes 111 0 1 1  010 1 0 1  
i n  b ina ry .  
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TABLE V 


OCTAL NOTATION 


Binary Log N 

- .  

000 0 

001 1 . o o  
010 4 . 2 5  
011 11 . 4 3  
100 2 0  .53 
101 31  . 6 3  
110 44 . 7 0  
111 6 1  . 7 4  



~ ~ _ _ ~  ~-

TABLE VI 


OCTAL MULTIPLICATION AND DIVISION 


~~ 

N 1 5 6 7 
_ _  

1 0 5  0 6  0 7  

2 . 4 0  12 1 4  1 6  

3 . 2 5  1 7  2 2  25 
4 .20 2 4  30  34  
5 .15 3 6  4 3  

6 . 1 3  . 6 5  5 2  

7 .11 . 5 6  . 6 7  

8 .10 . 5 0  . 6 0  . 7 0  
_ _ ~- ~

8 
.- 

1 0  
2 0  

30  

40  

5 0  

6 0  

70 

-~ 

(21 	 In decimal-to-octal, 10 = 8*D and 11 = 9 * D .  For 
example, 1 4 7  = 103*D o r  31% = 39*D. Values of N2 
are listed in Table V. 

(3 )  	Multiplication and division is simple and is listed 
in Table VI, together with conversion of rational-to
octal fractions. 
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( 4 )  Rapid menta l  c a l c u l a t i o n s  are p o s s i b l e  from a knowledge 
of t h e  loga r i thms  l i s t e d  i n  Table  V. 

Fo r  example, l o g  4 = (1/3) l og2  4 = (2/3) = .53.  

For  c l a r i t y  and c o n c i s e n e s s ,  a l l  fo l lowing  c a l c u l a t i o n s  
are given i n  oc t a l  n o t a t i o n  u n l e s s  o t h e r w i s e  s p e c i f i e d .  Fo r  
i n s t a n c e ,  2/3 = . *D = .53.  Consider  a series of  runs  w i t h  a 
maximum l e n g t h  1 0 8 7 0 r  3 x 4 = 1 4  b i t s .  These e v e n t s  are observed 
t o  c l u s t e r  w i t h  s i g n a t u r e  d a t a  as s p e c i f i e d  i n  Table  V I I .  Events  
D are of g r e a t e s t  i n t e r e s t ,  w i t h  moderate emphasis on e v e n t s  A ,  
E ,  C ,  B ,  and F ,  i n  t h a t  sequence. 

TABLE V I 1  

HYPOTHETICAL SIGNATURES FOR 

Group Run Length 

-

A 0 1  

B 11 

C 2 1  

D 4 1  

E 51 

F 101 

G 2 0 1  

H 4 0 1  

K 1001 
L 2001 
M 4 0 0 1  

-

~~ ~ 

10 


2 0  


40  


50 


100 


2 0 0  


400  


1 0 0 0  


2 0 0 0  


4 0 0 0  


1 0 0 0 0  

- .~ 

STRATEGIC EVENTS 

S t r a t e g i c  Value 

Event Group 

. 0 0 4  . 0 4 0  

.001 . 0 1 0  

. 002  . 0 4 0  

. 0 2 0  .200  

. 0 0 4  .140 

.001 . l o o  

.0003 . 0 6 0  

. 0 0 0 0 4  .020  

.00003 .030 

.00002 . 0 4 0  

. 0 0 0 0 1  - 0 4 0  
- .-

EXAMPLE 3 :  MAXIMUM ACCESS CODE 

The procedure  t o  deve lop  a Maximum A c c e s s  Code, as  d e f i n e d  
i n  t h e  preceding  example (Run-Lengths wi th  C l u s t e r s )  p re sen ted  
i n  Table  V I I I ,  i s  as fo l lows .  

(1) 	L i s t  a l l  l e t te rs  of  t h e  a l p h a b e t  (N1) i n  descending 
o r d e r  of s t r a t e g i c  v a l u e  (N3) a s s igned  t o  each group. 
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( 2 )  	I n  m o s t  cases, t h e  number of e v e n t s  p e r  group ( N 2 )  i s  
a m u l t i p l e  of 2N. I n  t h e  above example, t h i s  i s  t r u e  
f o r  a l l  le t ters  exce  t E. The group E i s  d i v i d e d  i n t o  
t h r e e  subgroups of 2 3  = 1 0  e v e n t s  each.  The number 
of e v e n t s  p e r  group i s  l i s t e d  a l so  i n  column B 1  where 
B1 = log2 N 2 .  

( 3 )  	Using t h e  same procedure which l e d  t o  t h e  A c c e s s  Code 
i n  Table 11, a code of l e n g t h  B2 i s  d e r i v e d  from N . 
I t  i s  n o t  necessa ry  t o  w r i t e  o u t  t h e  code e x p l i c i t  3y;  
t h e  set  of v a l u e s  B2 i s  s u f f i c i e n t  t o  proceed.  

( 4 )  	The l e n g t h  of t h e  code i n  b i t s  i s  g iven ,  t h e r e f o r e ,  by
B3 = B 1  + B 2 .  I n  Table  I X ,  t h e  l e t t e r  of each group 
of le t ters  i s  l i s t e d  i n  descending o r d e r  of s t r a t e g i c  
va lue .  

T o  w r i t e  down t h e  code e x p l i c i t l y  f o r  each l e t t e r  i n  descending 
o r d e r  of s t r a t e g i c  v a l u e ,  t h e  fo l lowing  approach i s  u s e f u l .  

(1) 	A word w i t h  6 b i t s  w i l l  s t a r t  from 00 = 000  000*B 
and proceed t o  1 7  = 0 0 1  l l l * B ,  i f  t h e r e  are 20 le t ters  
i n  t h i s  group. 

( 2 )  	I f  b i n a r y  d i g i t s  are denoted by 8 = O*B and 9 = l*B, 
then  t h e  1 0  l e t t e r s  i n  group A w i l l  beg in  a t  
208 = 010  000 O*B and end a t  239 = 0 1 0  0 1 1  l * B .  

( 3 )  	For a 1 0 - b i t  word, two b i n a r y  d i g i t s  are needed; f o r  
example, l e t t e r  C s ta r t s  a t  4388 = 1 0 0  0 1 1  OO*B and 
runs  f o r  20  numbers t o  4799 = 1 0 0  111 l l*B.  

Before embarking on a s y s t e m a t i c  a n a l y s i s  o f  f i gu res -o f 
m e r i t  f o r  v a r i a b l e  l e n g t h  codes ,  it i s  i n s t r u c t i v e  t o  e v a l u a t e  
r e l a t i v e  advantages i n t u i t i v e l y .  

Binary coding r e q u i r e s  1 4  b i t s  f o r  an a lphabe t  of 1 0 , 0 0 0  
le t ters .  Thus, wh i l e  t h e  average  l e n g t h - p e r - l e t t e r  i s  i n c r e a s e d  
by o n l y  2 0  t o  30 p e r c e n t  i n  t h i s  example, t h e  bandwidth f o r  
s t r a t e g i c a l l y  impor t an t  d a t a  i s  i n c r e a s e d  by a r a t i o  of 1 4 / 6 .  
Improvement of t r a n s m i s s i o n  of s t r a t e g i c  c o n t e n t  by a f a c t o r  of  
1 0 0  i s  w e l l  w i t h i n  t h e  c a p a b i l i t y  of s u i t a b l y  designed coding 
schemes. 

8 




E 


N1 

~~ ._  

D 

F 

G 

EX 

EY 

EZ 

A 

C 

L 

M 

K 

H 

B 


TABLE VI11 


COMPUTATION OF STRATEGIC CODE 


N2 N3 B1 B2 B3 

2 0  20 4 2 6 
1 0 0  1 0  6 3 11 
200  6 7 4 13  
10 4 3 4 7 
1 0  4 3 4 7 
1 0  4 3 4 7 
1 0  4 3 4 7 
20  4 4 4 1 0  

2000  4 1 2  4 1 6  
4000 4 1 3  4 1 7  
1 0 0 0  3 11 4 1 5  

400 2 1 0  5 1 5  
1 0  1 3 5 1 0  

TABLE IX 


CODING SCHEME IN OCTAL NOTATION FOLLOWED 
BY BINARY 8 = O*B or 9 = l * B  

~_ _ 

N1 N2 B 3  Begin End 
- ~-~-

D 20  6 00  1 7  
A 1 0  7 2 0 8  2 3 9  
E 30 7 2 4 8  379  
B 1 0  10 4088  4 2 9 9  
C 20 1 0  4 3 8 8  4799 
F 1 0  11 5 0 0  5 7 7  
G 2 0 0  1 3  6 0 0 8  7 4 3 9  
H 400 15  7 4 4 0 8  74779  
K 1 0 0 0  1 5  7 5 0 0 8  7 5 7 7 9  
L 2 0 0 0  1 6  7 6 0 0 8 8  7 6 7 7 9 9  
M 4000  1 7  77000  7 7 7 7 7  
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SEARCH FOR FIGURES-OF-MERIT 

A s  an i n i t i a l  s t e p  towards deve loping  c r i t e r i a  s p e c i f y i n g  
t h e  u s e f u l n e s s  of  a code, a mathemat ica l ly  s imple  d i s t r i b u t i o n  
of d a t a  i s  assumed. C r i t e r i a  measuring s i g n i f i c a n t  p r o p e r t i e s  
of t h e  code are then  de f ined ,  wi th  t h e  aim of developing an  under
l y i n g  t h e o r y  and of s ea rch ing  for a u n i f i e d  and g e n e r a l  t r e a t 
ment of  s t r a t e g i c  codes.  

V a r i a b l e  l e n g t h  codes are d e r i v e d ,  t h e r e f o r e ,  by minimizing 
t h e  average number of  d i g i t s  p e r  l e t t e r  f o r  an a l p h a b e t  governed 
by t h e  geomet r i ca l  d i s t r i b u t i o n .  By apply ing  t h e  Shannon-Fano-
Huffman redundancy r e d u c t i o n  procedure  t o  an a lphabe t  i n  which 
s u c c e s s i v e  l e t t e r s  have a g e o m e t r i c a l l y  t a p e r e d  p r o b a b i l i t y  of 
occurrence ,  f i gu res -o f -mer i t  of t h e  code can be e v a l u a t e d .  An  
a lgo r i thm r e l a t i n g  t h e  t a p e r i n g  r a t i o  of t h e  number of l e t te rs  
of equa l  l e n g t h  i s  then  de r ived  and compaction r a t i o s  f o r  v a l u e s  
o f  p r a c t i c a l  i n t e r e s t  are' computed. 

PROPERTIES O F  ASSUMED DATA D I S T R I B U T I O N  

The geometr ic  p r o b a b i l i t y  d i s t r i b u t i o n  (ref.  1) is  a 
s ing le -pa rame te r  d i s t r i b u t i o n  wi th  a mean m of  t h e  d i s t r i b u t i o n .  
I t  i s  sometimes convenient  t o  d e f i n e  q = l / m ,  p = 1 - q, and 
r = l / p .  The p r o b a b i l i t y  of o b t a i n i n g  n s u c c e s s i v e  d i g i t s  of 
one t y p e  i s  then  f ( n )  = qpn and g ( n , s )  = q(l - p e n s ) - l  i s  t h e  
cor responding  g e n e r a t i n g  f u n c t i o n .  For  example, t h e  p r o b a b i l i t y  
of o b t a i n i n g  t h e  l e t t e r  1 1 1 1 0  i s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  of  
o b t a i n i n g  f o u r  f a v o r a b l e  t r i a l s  p4 fo l lowed by one unfavorable  
t r i a l .  Exper imenta l ly  t h e  s i n g l e  parameter  m i s  ob ta ined  from 
e i t h e r  

E ( n )  = m t h e  expec ted  v a l u e  
s ( n )  = m t h e  s t a n d a r d  d e v i a t i o n  
~ ( n )= 2 m f (m)  t h e  mean d e v i a t i o n .  

I n  a p rev ious  r e p o r t  ( r e f .  1, p .  l o ) ,  an a lgo r i thm of Huffman 
coding f o r  t h e  geometr ic  d i s t r i b u t i o n  w a s  developed, namely; 
t h e  c o n d i t i o n  

g i v e s  t h e  minimum va lue  of p ;  such t h a t  each k l e t t e r s  of t he  
a lphabe t  have e x a c t l y  t h e  same l e n g t h .  

Typ ica l  maximum v a l u e s  f o r  m which correspond t o  a pre
a s s igned  k a r e  g iven  i n  Table  X .  I f  m >> 1, t h e n  I n  p- - l / m
and k = m I n  2 .  
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CRITERIA FOR ASSUMED DATA DISTRIBUTION 

The geometr ic  p r o b a b i l i t y  d i s t r i b u t i o n  i s  a u s e f u l  mathe
m a t i c a l  a r t i f i c e  because of i t s  s i m p l i c i t y ;  however, i t s  j u s t i 
f i c a t i o n  is  d i f f i c u l t  on t h e  b a s i s  of a v a l i d  s t a t i s t i c a l  model 
of incoming d a t a  samples.  The geomet r i ca l  d i s t r i b u t i o n  of a 
dependent v a r i a b l e  x as a f u n c t i o n  of  an independent  v a r i a b l e  
t i s  based on an occurence of phenomena of t h e  type  

f ( t)  = -dx/dt = x/m o r  x/m = exp (1 - t / m )  . 
The c o n s t a n t  m w i l l  t h e n  be t h e  r a t i o  of t h e  mean t i m e  of occur
r ence  of an even t  t o  t h e  sampling t i m e .  I t  i s  also u s e f u l  t o  
d e f i n e  t h e  s o - c a l l e d  "ha l f - t ime"  of t h e  d i s t r i b u t i o n  k = m I n  2 ,  
t h a t  i s ,  t h e  t i m e  i n t e r v a l  dur ing  which x f a l l s  t o  one h a l f  tjZSi n i t i a l  va lue .  If t h e  r e s u l t i n g  d i s t r i b u t i o n  x2/x1 = ( 1 / 2 )  
is  sampled a t  r e g u l a r  i n t e r v a l s  T ,  t h e  r a t i o  of any two succes
s i v e  samples ,  such as x1 and x2, is:  

Thus, k i s  t h e  number of samples du r ing  t h e  t i m e  r e q u i r e d  f o r  t h e  
s i g n a l  p r o b a b i l i t y  t o  change t o  one h a l f  i t s  va lue .  To a p p r a i s e  
t h e  n a t u r e  of k ,  t h e  s i m i l a r i t y  t o  concepts  l e a d i n g  t o  t h e  d e f i 
n i t i o n  of t h e  Nyquist  sampling r a t e  i s  noteworthy. I f  k = 1, a 
l a r g e  number of s h o r t  samples remain unreso lved ,  s i m i l a r  i n  f a c t  
t o  t h e  Nyquist  f requency ,  which s ta tes  t h a t  i f  t h e  sampling f r e 
quency i s  less t h a n  one h a l f  t h e  p e r i o d ,  t h e  h i g h e r  f r e q u e n c i e s  
have an i n c r e a s i n g l y  s i g n i f i c a n t  p r o b a b i l i t y  of remaining un
re so lved .  

INTERPRETATION OF C R I T E R I A  

The number of  samples p e r  ha l f - t ime  k i s  t h e n  a measure of 
t h e  probable  change i n  l e t t e r  l e n g t h  and, hence,  i s  r e l a t e d  t o  m ,  
t h e  number sampled du r ing  t h e  mean t i m e  between changes. The 
va lue  of m s p e c i f i e s  

(1) 	The mean t i m e  between occurrences  i n  u n i t s  o f  sampling 
t i m e ;  

( 2 )  The t i m e  f o r  changes of l / e  i n  t h e  p r o b a b i l i t y  spectrum; 

( 3 )  The ra te  of change dx/dt .  

For  a d i s c r e t e  d i s t r i b u t i o n  t = n and A t  = 1 w i t h  f ( t ) + f  ( n )  . 
Thus, t h e r e  are n d i g i t s  i n  a l e t t e r  and f (n )  = m - n ( l  - m )  i s  t h e  
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corresponding  p r o b a b i l i t y  d e n s i t y .  The r e s u l t a n t  geometr ic  d i s 
t r i b u t i o n  of mean l eng th  m i s  d e f i n e d  by m samples t aken  du r ing  
t h e  mean t i m e  between changes. 

An a lphabe t  having any k le t ters  of t h e  same l e n g t h  has  a 
mean l e n g t h  of m,  b u t  t h e  l e n g t h  of each l e t t e r  i s  u s u a l l y  e i t h e r  
s h o r t e r  o r  longe r  t h a n  m. The v a l u e  of  m can be  i n t e r p r e t e d  i n  
t e r m s  of t h e  number of sampling p e r i o d s  necessa ry  t o  a c q u i r e  t h e  
in fo rma t ion  c o n t e n t  f o r  an average l e t te r .  Loosely speaking ,  t h e  
in fo rma t ion  s t o r e d  i n  each l e t t e r  i s  m t i m e s  as long  as t h e  sam
p l i n g  pe r iod .  

To i l l u s t r a t e  t h i s ,  c o n s i d e r  t w o  d i s t i n c t  examples. For  
s m a l l  m ,  s ay  m = 2 ,  it i s  r easonab le  t o  expec t  t h a t  f a r  g r e a t e r  
emphasis i s  p l aced  on s h o r t  l e t t e r s  t h a n  on long  le t te rs  of t h e  
a lphabe t ;  t h e r e f o r e ,  on ly  one l e t t e r  i s  found a t  each l e v e l .  
For  m l a r g e ,  say  2 0 ,  let ters r e q u i r i n g  a l a r g e  number of sampling 
p e r i o d s  do n o t  d i f f e r  g r e a t l y  i n  p r o b a b i l i t y  from s h o r t e r  le t ters .  
I t  fo l lows  t h a t  a f a r  l a r g e r  number of let ters can be used e f f e c 
t i v e l y ;  many samples a r e  needed, t h e r e f o r e ,  f o r  each l e n g t h  of 
l e t t e r .  

For  l a r g e  m ,  t h e  number of l e t te rs  which w i l l  have t h e  
s a m e  l e n g t h  can be p r e d i c t e d  f o r  a b i n a r y  a l p h a b e t  from t h e  
p r o p e r t i e s  of t h e  t ree  a s s o c i a t e d  wi th  a v a r i a b l e  l e n g t h  code. 

FORMULATION O F  ALGORITHM 

A t  each branching p o i n t  a s s o c i a t e d  wi th  t h e  t ree ,  t h e  prob
a b i l i t y  d e n s i t y  f a l l s  by a f a c t o r  b.  I f  r is  t h e  r a t i o  of prob
a b i l i t y  f o r  s u c c e s s i v e  l e t t e r s  f o r  t h e  s i m p l e s t  case, b = 2 ;  hence 
k = m I n  2 .  If any k l e t t e r s  have t h e  same l e n g t h ,  t hen  rk = b 
o r  I n  b = k I n  r .  The f a c t o r  k can,  t h u s ,  be i n t e r p r e t e d  from 
c o n s i d e r a t i o n s  r e l a t e d  t o  in fo rma t ion  c o n t e n t  and may be  d e f i n e d  
a s  t h e  number of d i g i t s  between l e t t e r s  d i f f e r i n g  i n  p r o b a b i l i t y  
by a f a c t o r  of 2 ,  wh i l e  m i s  t h e  d i f f e r e n c e  i n  d i g i t s  between 
l e t t e r s  d i f f e r i n g  i n  p r o b a b i l i t y  by a f a c t o r  of "e". I n  a con
t i n u o u s  geomet r i ca l  d i s t r i b u t i o n ,  t h e  d i f f e r e n c e  i n  d i g i t s  between 
le t te rs  d i f f e r i n g  i n  p r o b a b i l i t y  by a fac tor  of "e" i s  c l e a r l y  
e q u a l  t o  t h e  mean l e n g t h ,  wh i l e  i n  a d i s t r i b u t i o n  wi th  d i s c r e t e  
v a l u e s  of n t h i s  v a l u e  i s  approached only  i f  m i s  l a r g e .  

COMPACTION RATIOS 

Table X I  g i v e s  a comparison of  compaction r a t i o s  f o r  codes 
based upon an assumed geomet r i ca l  d i s t r i b u t i o n .  Given t h e  
r e q u i r e d  accuracy A of  coded d a t a ,  t h e  l e n g t h  L ( B )  o f  d a t a  coded 
i n  b i n a r y  i s  an i n t e g e r  equa l  t o  o r  g r e a t e r  t h a n  - l o 9 2 A .  The 
mean l eng th  of a l e t t e r  f o r  t h e  geometr ic  d i s t r i b u t i o n  i s  g iven  
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11 

25 
~. 

2.4 1.4 0.20  

4.4 2.5 0.35 

13.0 6.5 1.1 
~~ 

i n  T a b l e  X f o r  values  of k. I f  k i s  r e s t r i c t e d  t o  i n t e g e r s ,  t h e n  
m i s  a m a x i m u m ;  hence t h e  compaction r a t i o  i n  Table X I  i s  calcu
l a t e d  us ing  t h e  m o s t  unfavorable  case. 

A scale of 2B b i n a r y  counter  can be used t o  g i v e  l o g a r i t h 
m i c  compaction by measuring on t h e  h i g h e s t  level  i n  ope ra t ion .  
Th i s  scale i s  e q u i v a l e n t  t o  a geometr ic  d i s t r i b u t i o n  wi th  a r a t i o  
of r = 2. I f  r d i f f e r s  s i g n i f i c a n t l y  f r o m  t h i s  r a t i o ,  Huffman 
coding m a y  s h o r t e n  o r  lengthen  t h e  average l eng th  of a l e t t e r ,  
depending on t h e  cor re la t ion  between assumed and ac tua l  d i s t r i 
bu t ion  of d a t a .  

TABLE X 

ALPHABETS WITH k LETTERS O F  EQUAL LENGTH 
CALCULATED FROM THE EXPECTED VALUE m O F  

THE ASSUMED GEOMETRICAL DISTRIBUTION* 

- - .. 

m 9 
- .

2.0 0.40 

3.3 0.24 


5.0 0.1 
24.0 0.04 

.- - . - - _  -

*See Bibl iography 

P r 
-

0.40 2.0  

0.54 1.3 
0.63 1.2 
0.74 1.04 

( N o .  8 )  

COMPACTION RATIO FOR 
DISTRIBUTION W I T H  

I __ - _ _ _ - ~  

Binary Code I 

5 


11 


25 
~. 

TABLE X I  

DATA FROM ASSUMED 

k 


1 

2 

3 


16 


GEOMETRICAL 
k LETTERS OF EQUAL LENGTH 

-~ 

G e o m e t r i c  D i s t r i b u t i o n  

2.4 1.4 0.20  

4.4 2.5 0.35 

13.0 6.5 1.1 
~~ 
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CONCLUS I O N S  


An o r d e r l y  coding scheme i s  e s t a b l i s h e d ,  y i e l d i n g  a t  a 
g l ance  t h e  s t r a t e g i c  importance of  each message i n  a t  l e a s t  t w o  
ways: (1) t h e  s h o r t e r  t h e  message, t h e  g r e a t e r  i t s  importance; 
and ( 2 )  t h e  h i g h e r  t h e  i n i t i a l  d i g i t ,  t h e  s h o r t e r  i t s  l e n g t h .  

T o  fo rmula t e  a m o r e  g e n e r a l  approach,  an a n a l y t i c a l  model 
w a s  formula ted ,  which e n t a i l e d  several s i m p l i f y i n g  assumptions.  
Th i s  s i m p l i f i e d  model w a s  used t o  e x p l o r e  t h e  u s e f u l n e s s  of  pe r 
formance c r i t e r i a  f o r  a l t e r n a t e  codes and coding schemes. 

Th i s  i n v e s t i g a t i o n  was d i r e c t e d  p r i n c i p a l l y  t o  e x p l o r e  
s p e c i f i c  examples. Subsequent s t u d i e s  are planned towards t h e  
development of a u n i f i e d  and g e n e r a l i z e d  t r e a t m e n t  of f i g u r e s 
o f -mer i t  f o r  a l t e r n a t i v e - c o d i n g  schemes. 

I t  appea r s  p a r t i c u l a r l y  d e s i r a b l e  t o  d e f i n e  more r i g o r o u s l y  
t h e  terminology used h e r e ;  f o r  example, s t r a t e g i c  va lue ,  s t r a t e g i c  
e v e n t s ,  and s t r a t e g i c  coding. C r i t e r i a  s p e c i f y i n g  t h e  s t r a t e g i c  
v a l u e  of a code dese rve  r i g o r o u s  examinat ion.  For  example, how 
does t h e  s t r a t e g i c  value of  a code re la te  t o  t h e  s t r a t e g i c  v a l u e  
of d a t a ?  These and r e l a t e d  problems d e s e r v e  s c h o l a r l y  s c r u t i n y  
and d i s c u s s i o n  w i t h  adequate  emphasis on aerospace-or ien ted  
a p p l i c a t i o n s .  F i n a l l y ,  an a n a l y s i s  must be  provided t o  s t r e n g t h e n  
t h e  v a l i d i t y  of t h e  t echn ique  and e s t a b l i s h  f u r t h e r  examples of 
i t s  u s e f u l n e s s .  S p e c i f i c a l l y ,  it i s  e s s e n t i a l  t o  e x h i b i t  t h o s e  
s i t u a t i o n s  i n  which t h i s  technique  does o r  does n o t  apply.  Work 
towards t h e s e  o b j e c t i v e s  i s  now i n  p r o g r e s s .  

REFERENCE 

1. 	 Happ, W . W . :  Coding Schemes f o r  Run Length Informat ion  Based 
on Poisson D i s t r i b u t i o n .  NASA Techn ica l  N o t e  TN D-4572, 
June  1 9 6 8 .  

Na t iona l  Aeronaut ics  and Space Admin i s t r a t ion  
E l e c t r o n i c s  Research Center  

Cambridge, Massachuse t t s ,  January  1968 
125-25-04-63 

14 




BIBLIOGRAPHY 


1. 


2 .  

3 .  

4 .  

5. 

6 .  

7 .  

8 .  

9 .  

10. 


11. 


1 2 .  

Anderson, T . O . ,  E i senbe rg ,  I . ,  Lushbaugh, W.A., and Posner ,  
E . C . :  Demonstration of a Q u a n t i l e  System f o r  Compression of 
D a t a  from Deep Space Probe. IEEE Trans.  AES-3, J an .  1 9 6 7 ,  
pp. 57-65. 

Becker,  H . D . ,  and Lawton, J . G . :  T h e o r e t i c a l  Comparison of 
Binary D a t a  Transmission Systems. Cornel1 Aeronau t i ca l  
Laboratory I n c . ,  PAM. 621.3841B3, May 1958, Revised 
March 1 9 6 7 .  

Capon, K.: A P r o b a b i l i s t i c  Model f o r  Run Length Coding of 
P i c t u r e s .  T r a n s a c t i o n s ,  P r o f e s s i o n a l  Group on Informat ion  
Theory, I R E ,  December 1959. 

Cherry,  C . ,  e t  al.: An Experimental  Study of t h e  P o s s i b l e  
Bandwidth Compression of V i s u a l  Image S i g n a l s  .I Proc . I E E ,  
V O ~ .  51,  NO.  11, Nov. 1963, pp. 1507-1517. 

Gardenhire ,  L.W.: Redundancy Reduction: The Key t o  Adaptive 
Telemetry.  N . T . S .  Conference,  June  1 9 6 4 .  

Gour i e t ,  G . D . :  Bandwidth Compression of a T e l e v i s i o n  S i g n a l .  
Proc. I E E ,  V o l .  1 9 4 ,  P a r t  B ,  No. 15 ,  May 1957, pp. 265-272. 

Huffman, D .  A . :  A Method f o r  t h e  Cons t ruc t ion  of M i n i m u m  
Redundancy Codes. Proc. I R E ,  Sep t .  1952, pp. 1098-1101. 

Jackson ,  W . :  Communication Theory. But te rwor th  S c i e n t i f i c  
P u b l i c a t i o n s ,  London, 1953. 

Karp, S . :  N o i s e  i n  Digi ta l - to-Analog Conversion D u e  t o  B i t  
Er ror .  I E E E  Trans.  PG-Set 1 0 ,  Vol. 3 ,  Sep t .  1 9 6 4 ,  p. 125. 

Molina,  E . C .  : P o i s s o n ' s  Exponent ia l  Binomial L i m i t .  Van 
Nostrand,  N e w  York, 1957. 

Pearson ,  K.: Table  of Incomplete Gamma Funct ions .  H.M. S t a 
t i o n e r y  O f f i c e ,  London, 1 9 2 2 .  

Shannon, C . E . :  A Mathematical  Theory of Communications. 
B e l l  System Technica l  J o u r n a l ,  V o l .  2 7 ,  1 9 4 8 .  

15 



EXAMPLES O F  CODING SCHEMES 
BASED ON STRATEGIC VALUE 

By W .  W.  Happ 
NASA E l e c t r o n i c s  Research Center  

ABSTRACT 

Procedures  are developed t o  c o n s t r u c t  v a r i a b l e - l e n g t h  codes 
f o r  a l p h a b e t s  c o n t a i n i n g  messages w i t h  a s s igned  weighted-informa
t i o n  c o n t e n t .  The r e s u l t i n g  coding procedures  are s i m i l a r  i n  
form t o  t h e  Shannon-Fano-Huffman redundancy r e d u c t i o n  schemes, 
b u t  d i f f e r  i n  scope;  t h e  former maximize t h e  s t r a t e g i c  v a l u e ,  
whi le  t h e  l a t t e r  maximize t h e  number of le t ters  f o r  a s p e c i f i e d
f i n i t e  channel  c a p a c i t y .  C r i t e r i a  s p e c i f y i n g  t h e  s t r a t e g i c  v a l u e  
of a code are d e f i n e d ,  and codes are examined on t h e  b a s i s  of 
a lphabe t s  c o n t a i n i n g  messages wi th  weighted-information c o n t e n t .  
F igures-of -mer i t  are e s t a b l i s h e d  and u t i l i z e d  t o  compare d i f f e r e n t  
t ypes  and p o s s i b l e  t r a d e - o f f s  f o r  s imple  codes.  Algorithms 
governing t h e s e  codes are e s t a b l i s h e d  and examined on t h e  b a s i s  
of r e p r e s e n t a t i v e  examples. 
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